Abstract
Introduction
The worldwide rising demand for the passenger and the cargo transportation has captured the attention of railway operators and triggered the need for further development within the industry. Railway transportation is safer, more cost effective and environmentally consistent compared with the other modes of transport. The railway track analysis is the field of interest to many researchers. As some examples, Szépe [1] studied the railway superstructure as a beam on the elastic foundation. Zakeri and Xia [2] investigated the railway parameters due to the moving train loads. Zoller and Zobory [3] investigated the track model for metro due to the moving load. Amongst the most important issues in this mode of transportation is its safety that is considerably under the influence of the track quality. Generally speaking, the railway track quality depends on the track stiffness. In the case of the ballasted track, the track stiffness remarkably relates to various parameters such as the ballast depth, the sleeper width and the distance of the sleepers. This factor has been investigated by various researchers through analytical and experimental approaches. Kerr [4, 5] investigated the measuring methods of railway track stiffness. One of the methods for calculating the support stiffness in the railway tracks is the pyramid model developed by Zhai et al. [6] . Puzavac et al. [7] studied the effect of track stiffness due to moving load. Breul and Saussine [8] studied the mechanical specifications of the railway ballast in situ. Moreover, Zakeri and Abbasi [9] and Zakeri et al. [10] investigated the support modulus of railway track in field tests. In another study, Esmaeili et al. [11] investigated the support stiffness on train induced vibrations in desert land. Reviewing the existing literature indicates that the less researches have been done on the effects of the support stiffness on the vehicle/track interaction specifically by considering the important parameters such as the ballast depth, sleeper width and the distance of sleepers. In the present study, at the first stage, the existing pyramid model that was developed by Zhai et al. [6] is extended to three different stress conditions including WOA for the cases without stress overlap area in adjacent sleepers, OAP for considering the stress overlap area between adjacent sleepers with pyramid stress distribution and OAC for the cases of stress overlap area between adjacent sleepers with cubical stress distribution. In the next stage, a vehicle/track problem is simulated using finite element method. In this regard, the results of the developed computer code are verified by comparing with numerical results of Lei and Zhang [12] and Koh et al. [13] . Finally, comprehensive sensitivity analyses are performed on the effectiveness of the various parameters on the track stiffness. Consequently, many correlation equations are proposed for the ballast depth, sleeper widths, sleeper distances and the ratio of the railway track vertical displacement to the vehicle axle load.
Derivation of the individual support stiffness in railway track
The transfer of the train load from a sleeper to the ballast layer is based on the assumption of pyramid distribution [6, 14] . Therefore, the vibrating section of the ballast under each sleeper is as a pyramid shape. In a pyramid model, parameters such as the ballast density ρ b , ballast depth h b , support length of half sleeper L e , width of sleeper L b , distance between sleepers L s , elasticity modulus of ballast E b and stress distribution angle of the ballast α are effective. In this model, the ballast stresses are distributed throughout the pyramid shape [6] . Fig. 1 presents schematic of the ballasted track without stress overlap area with adjacent ballast layers. In this figure, h b is the total depth of the ballast layer. The transmitted force from a sleeper to the ballast layer is estimated as follows:
In this equation, Q and q are the force and the stress under sleeper, respectively. Therefore, the force and the strain in the depth of z in the ballast layer are calculated as follows:
In this equation, q z and ε z are the stress and the strain in the depth of z in the ballast layer, respectively. Consequently, the settlement (S) and the individual support stiffness (K b ) in the ballasted railway track without stress overlap area are calculated as follows:
If the distance between the sleepers is small or the depth of the ballast layer is high, the overlap in the stress distribution area takes place. Fig. 2 shows a ballasted track with stress overlap area [6] . In this figure, h b and h 0 are the depth of the ballast and the overlap area with adjacent ballast layer, respectively [6] . The depth of the stress overlap area is determined as follows:
Consequently, the individual support stiffness in the ballasted track is calculated by the series combination of the upper and the lower parts stiffness as follows:
In this equation, K b1 and K b2 are the stiffness of the upper and the lower parts of the ballast layer, respectively. The stiffness of the upper ballast layer, K b1 , is calculated based on Eq. (8) .
For calculating the support stiffness in the lower part of the ballast layer, K b2 , two cases may be considered. These cases are: a) The support stiffness in the stress overlap area with the pyramid distribution b) The support stiffness in the stress overlap area with the cubical distribution. In what follows, both cases are investigated and their support stiffness is derived.
Stress distribution in stress overlap area with Pyramid distribution (β 0)
Generally, distribution of the stress in the overlap area of the adjacent sleepers is as a pyramid shape. Fig. 3 presents a pyramid stress distribution in the overlap area.
In this case, the settlement of the ballasted track in the stress overlap area (S b2 ) is calculated as follows:
Period. Polytech. Civil Eng. Consequently, the stiffness of K b2 in the stress overlap area is derived as follows:
By using the Eq. (6) and assuming α = β, Eq. (10) can be presented as follows:
Stress distribution for the special case with Cubical distribution (β = 0)
The derived Eqs. (10) and (11) are in general forms and are suitable for the calculation of the ballasted track stiffness. When the distribution angle β tends to zero, Eq. (10) gives an ambiguous value for the track stiffness. As shown in Fig. 4 , for β = 0, a cubical stress distribution pattern occurs in the overlap area. Such a condition usually happens in the ballast mixed with clay particles and signifies the punching shear failure of foundation [15] . In this special case, the stiffness that is given in Eq. (10) is modified as follows: 
Therefore, for calculating the support stiffness, there are generally two equations for calculating K b2 in the stress overlap area. Table 1 shows all derived equations for calculating the individual support stiffness in railway track.
Comparison of the derived support stiffness for various conditions
In this section, the values of the support stiffness for various conditions are calculated and compared. In this regard, these equations are estimated for different ballast depths and various sleeper distances. The assumptions are:
and E b = 100 MPa. Fig. 5 illustrates the estimated support stiffness for the different depths of the ballast layers. From Fig. 5 it can be observed that the individual support stiffness in the ballasted track reduces by increasing the ballast depths. Also, by decreasing the ballast depths, the results converge to a uniform value. The regression equations of the support stiffness with the ballast depths are presented in Table 2 . From Fig. 6 , it is suggested that the individual support stiffness in the railway track for the cases without stress overlap areas (WOA) remains constant while it increases by increasing the distance of sleepers in other cases. Also, with increasing the distance of sleepers, the results converge to a uniform value. The regression equations of the estimated support stiffness according to the distance of the sleepers are presented in Table 3 .
In the next section, the individual support stiffness in the railway track for various sleeper geometries is calculated.
Calculation of the individual railway support stiffness for various sleeper geometries
The results in the previous section of this article prove significant variations of the individual railway support stiffness by changing the ballast depth and the distance of the sleepers. It can then be a valuable exercise to check on such variations based on the various sleeper geometries. Based on the leaflet No. 301 of Iran railway trasportation regulations, the width of the sleepers varies between 220 to 300 mm and the distance of the sleepers
Conditions

Symbols Derived Stiffness
Without stress overlap area
With stress overlap area β 0 OAP Stiffness of the upper part in the
Stiffness of the lower part in the pyramid
With stress overlap area β = 0 OAC Stiffness of the upper part in the
(Cubical stress distribution) Stiffness of the lower part in the varies from 50 to 70 cm [16] . The calculated individual support stiffness in the railway track for various sleeper geometries is presented in Fig. 7 and E b = 110 MPa have been utilized [16] . Morover, it should be emphasized that all coming results are calculated based on the pyramid model equations considering the stress overlap area (OAP). From Fig. 7 , it can be understood that the individual support stiffness in railway track rises by increasing the distance of the sleepers and decreasing the ballast depth for any width of the sleeper. Also, by increasing the width of the sleepers, the support stiffness increases. It is also revealed that the variations of the calculated track stiffness for the greater ballast depths are higher than those achieved for the ballast depth of 30 cm. The regression equations of the support stiffness and sleeper width are presented in Table 4 for various ballast depths.
From the results in Table 4 , it is deduced that the equations for the support stiffness (K) based on the width of the sleepers (WD) are linear form (K = a.(WD) + b). In this equation, the coefficient "a" for each ballast depth increases by increasing the distance of the sleepers. Also, for the same distance of the sleepers, this coefficient decreases by increasing the depth of the ballast.
Modeling of the railway track and the vehicle
The model for the railway track is considered as a beam on viscoelastic supports. The viscoelastic supports are considered in the location of the sleepers. It should be considered that the stiffness of the support points is added to the main diagonal of the stiffness matrix. Customarily, for the simulation of the railway vehicle, its' components are modeled as lumped masses. Also, for defining the force vector, the location of the moving load is calculated. The rail points' forces are then calculated based on the shape functions. In what continues, the railway track model under the moving vehicle is verified.
Verification of the vechile-track models
In order to verify the numerical results of the present study, the models proposed by Lei and Zhang [12] and Koh et al. [13] are used.
In the present numerical study, a railway track with discrete viscoelastic supports is studied. The schematic for such a model is presented in Fig. 8 . The railway vehicle with three degrees of freedom including the carbody, the bogie and the wheelset masses travels along the railway track with discrete supports. The system degrees of freedom are presented in a vector form in Eq. (14) .
The railway track and the vehicle particulates are presented in Table 5 .
The calculated vertical displacement versus the track position and the results from Lei and Zhang [12] and Koh et al. [13] are presented in Fig. 9 .
Comparing the numerical results from this research with those that were reported by Lei and Zhang [12] and Koh et al. [13] it is concluded that the results are comparable. Also, the responses of present study are in good agreement with the previous ones. It is therefore concluded that the simulation of the railway track is satisfactory and the results are verified. The individual railway support stiffness for various sleeper geometries were obtained in section 4 and in continue, the behaviour of the railway tracks are investigated due to their effects in the next section.
The effects of the various sleeper geometries on the behavior of the railway track
Having estimated the individual railway support stiffness for various sleeper geometries, their effects on the behavior of the railway tracks are also investigated in this section. Fig. 10 depicts the ratio of the railway track vertical displacement to the vehicle load for various sleeper geometries and different ballast depths.
From Fig. 10 , the ratio of the railway track vertical displacement to the vehicle load increases by incresing the distance of the sleepers. Also, it decreases by increasing the sleeper widths. By increasing the ballast depths, this ratio increases and the differences between these ratios for a certain sleeper distance reduce. The construed equations for the railway track vertical displacement to the vehicle load according to the distance of the sleepers for the different sleeper geometries are illustrated in Table 6 .
From Table 6 , the equation representing the behavior of the railway track vertical displacement to the vehicle load (DL) based on the distance of the sleepers (DS) is in the logarithmic form (DL = a.ln(DS) + b). In this equation, the coefficient "a" for each ballast depth decreases by increasing the width of the sleepers.
Conclusions
This article proposed models that can be effectively used in order to calculate the individual support stiffness in the railway tracks. It is based on the pyramid stress distribution model for WOA, OAP and OAC conditions. The railway track was simulated by using the finite element method. The results were verified by comparing them with the results that were reported by other researchers in this filed. Finally, the effects of individual railway support stiffness on the track deflection for various sleeper geometries were investigated. The most valuable findings of the present study can be summarized as;
1 Three different equations were derived for assessing the individual track stiffness using the pyramid model. These cover the WOA model for the cases of having no stress overlap area in the adjacent sleepers, OAP model for considering the stress overlap area between adjacent sleepers with pyramid stress distribution and OAC model for the cases with stress overlap area between adjacent sleepers with cubical stress distribution.
2 Due to the increasing of the ballast depths from 30 to 50 cm, the individual railway support stiffness decreases 21, 27 and 30 percent for WOA, OAP and OAC conditions, respectively. Moreover, by decreasing the ballast depths, the resulted support stiffness by WOA, OAP and OAC models converges to a constant value. 4 For WOA condition, the variation of the sleepers distance has no effect on the support stiffness. However, increasing the distance of the sleepers from 50 to 70 cm, increases in the support stiffness amounting to 12 and 20 percent, for OAP and OAC conditions, respectively, were observed. Moreover, by increasing the distance of the sleepers, the resulted support stiffness by OAP and OAC models converges to a constant value.
5 Same as the ballast depth, the correlated equations between the results of the individual support stiffness (K) and the distance of the sleepers (DS) are in the power form (K = a.(DS) b ). The average R-value for these equations is 0.989.
6 By increasing the distance of sleepers from 50 to 70 cm for the sleeper width of 220 mm, the individual support stiffness in railway track increases by 3, 7 and 11 percent for the ballast depths of 30, 40 and 50 cm, respectively. Also, it increases by 8, 13 and 16 percent for the ballast depths of 30, 40 and 50 cm by increasing the distance of the sleepers from 50 to 70 cm for the sleeper width of 300 mm, respectively.
7 The correlation equations between the individual support stiffness (K) and the sleeper width (WD) is in the linear form (K = a.(WD) + b). The average R-value for these equations is 0.998.
8 For the ballast depth of 40 cm, the ratio of the railway track vertical displacement to the vehicle load increases by 21 and 16 percent when incresing the distance of the sleepers from 50 to 70 cm for sleeper widths of 220 and 300 mm, respectively.
9 The correlated equations between the ratio of the railway track vertical displacement to the vehicle axle load (DL) and the distance of the sleepers (DS) are in the logarithmic form (DL = a.ln(DS) + b). The average R-value for these equations is 0.980.
